Abstract. The aim of the paper is a comprehensive study of the compound elastic pendulum (CEP) with two degrees of freedom to point out the main complex (chaotic) dynamics that it can exhibit. The simplest way to find complex behavior in a nonintegrable Hamiltonian system is firstly to look for homoclinic (heteroclinic) orbit(s). Here, under suitable assumptions, we detect the existence of a homoclinic orbit of CEP and present the equation for it. Moreover, we show that for any value of the small parameter the system has a hyperbolic periodic orbit, whose invariant manifolds intersect themselves transversally.
Introduction
Nonlinear dynamics studies some conditions that are not observed in linear systems. Nonlinear behavior (movement and evolution) is typical for different dynamical systems. The investigation of nonlinear mechanical systems is an important and very active area [1] . For example, the pendulum is interesting as a paradigm of contemporary dynamics and, more importantly, since the differential equation of the pendulum is frequently encountered in various branches of modern mechanics [2, 3] .
The study of complex phenomena in deterministic nonlinear dynamical systems has attracted the attention of applied scientists. This study poses two fundamental questions: 1) by what mechanisms does chaos occur and 2) how can one predict when chaos will occur in a specific dynamical system? Dynamical systems can be separated into two main kinds: i) systems with conservation of phase volume and ii) systems with decrease of phase volume -called dissipative systems. Systems from kind (i) can be Hamiltonian and non-Hamiltonian systems. Systems are called Hamiltonian if their equations can be written in canonical form by means of a
, where q and p are generalized coordinates and momenta, and t is the time.
Generally, bifurcations can be local or global. Global bifurcations are qualitative change in the orbit structure of an extended region of phase space. Typical examples are homoclinic and heteroclinic bifurcations.
In recent years, it has become apparent that homoclinic and heteroclinic orbits are often the mechanism for the chaos (or transient to chaos) in different kinds of dynamical systems -mechanical, biological and et al. [4] [5] [6] [7] [8] . 1  and 2  . Note here that the point p is a homoclinic (resp. heteroclinic) point. For mechanical systems which are modeled by Hamiltonian equations of motion, integrability is a central problem. Most Hamiltonian systems are not integrable but if a Hamiltonian dynamical system is integrable, then its first integrals provide a description of all features of the system [10] [11] [12] .
It is well-known that all Hamiltonian systems with one degree of freedom and analytical Hamiltonian functions are integrable, and there is no splitting of separatrices. If separatrices of two saddles coincide to a form of heteroclinic orbit then we have a connection bifurcation. This is a global bifurcation as a necessary condition is that the two saddles have the same energy [13] . On the other hand, integrability is not a typical property of Hamiltonian systems with more than one degree of freedom. The phase spaces of such systems are difficult to visualize and a lower dimensional representation of the qualitative behavior of the system must be sought.
The importance of the study of homoclinic (heteroclinic) orbits in nonintegrable Hamiltonian systems has been appreciated since the time of Poincare [14, 15] . Now, it is fairly well-known that Hamiltonian systems with two (or more) degrees of freedom are generally nonintegrable, which usually involves chaotic dynamics. All bounded trajectories of an integrable Hamiltonian system with 2  n degrees of freedom evolve in the n 2 phase space on manifolds which are diffeomorphic (equivalent) to 2-tori [16] . If integrability is broken, KAM theory guarantees that tori (from resonances) will survive and the motion bears a nonregular (chaotic) character [9] . Furthermore, in Hamiltonian systems with two degrees of freedom there are five distinct cases to consider according to the different possibilities for the eigenvalues of the linearized vector field at a hyperbolic fixed point [9] . They are:
Real and complex eigenvalues
Other cases may be obtained from these via time reversal. If nonhyperbolic fixed points are considered, then even more cases must be considered.
In generic systems with two degrees of freedom the following types of bifurcations of periodic and homoclinic orbits are possible: i) the periodic saddle-centre bifurcation [5, 6, 13] and ii) the Hamiltonian period-doubling bifurcation. In case (i), under variation of the energy a hyperbolic and elliptic periodic orbit meet at a parabolic periodic orbit with all Floquet multipliers equal to one. In case (ii), under variation of the energy an elliptic periodic orbit turns hyperbolic when passing through a parabolic periodic orbit with Floquet multipliers minus one. Simultaneously, from the parabolic periodic orbit, a family of periodic orbits with the double period emerges, inheriting the normal linear behavior from the initial periodic orbit. The behavior near the phase-space curves separating regions with different type of motion (so called separatrices) is generic for nonlinear Hamiltonian systems.
In this paper we consider a compound elastic pendulum (CEP) with two degrees of freedom-see Figure 1 . For this pendulum the kinetic energy T and the potential energy U have the form m from equilibrium state, l is the distance from mass 1 m to equilibrium of mass 2 m (while both rod and spring are massless), L is the length of the pendulum ( 1 Om ), c is the spring constant and g is the acceleration of the gravity.
Here, we are interested in the dynamical behavior of the pendulum shown in Figure 1 , and specially in the homoclinic orbit equation for it.
The paper is organized as follows: In Section two, we obtain the analytical results for the Hamiltonian of the compound elastic pendulum. In Section 3, we present the analytical results for homoclinic loop of CEP. Finally, Section 4 summarizes our results. 
Hence, the autonomous Hamiltonian has the form
where
. The time-evolution of the system is then governed by equations of motion
the conservation of energy. Here we note that the system (4) is with two degrees of freedom and belongs to the class of nonintegrable Hamiltonian systems. The four-dimensional phase space
is characterized by an extremely complex behavior of the phase trajectories and by existence of instability zones in which the motion has chaotic (nonregular) character [9, 16] .
The fixed points of the system (4) in the  
According to [9] , the law of energy conservation 
In the previous section, we obtained some analytical results that we shall use in our calculations so as to find a homoclinic solution (orbit) 
The homoclinic solution (trajectory) of system (9) satisfies the boundary conditions 
After substituting of (11) into (9) and accomplishing some transformations and analytical calculations we obtain the following equations for the functions 
where . 
(for details see Appendix 1). Hence, for function 10 p we have
The solution (15) is called also a soliton (self-dependent wave) -see Fig. 2 . It is wellknown that solitons are nonlinear waves which after a fully nonlinear interaction do not change their speed and shape. For the function 1  respectively we have
The equation (16) 
where For the function 22 p , using (15) and (17) ), we obtain the following first order differential equation
The homoclinic solution of the equation (18) has the form
Numerical calculations
In this section we investigate numerically the system (9) in terms of the Poincare section. The first step is finding the hyperbolic periodic points(s) for the Poincare map [17, 18] . The approximate position of some hyperbolic point, for ), then the intersection is transversal, and q is said to be a transversal homoclinic orbit. Here we note that this step is the central and most complicated part of the procedure for the proof of the existence of chaotic motion, and will be considered in our forthcoming work. 
Conclusions
In this paper were presented some analytical and numerical results for existence of a homoclinic loop in Hamiltonian systems with two degrees of freedom -compound elastic pendulum (CEP). It is to be noted that the main conjecture from the results obtained in analytical calculations is that CEP with two degrees of freedom is nonintegrable for all nontrivial (non equal to zero or infinity) values of the parameters. For Hamiltonian systems, there are two types of hyperbolic fixed points: 1) saddlefocus and 2) saddle. If these systems are from fourth order, the homoclinic orbit lies in the transversal interaction of the stable 
H
for  sufficiently small due to the structural stability of the horseshoes. Detecting of homoclinic (heteroclinic) orbits in a nonintegrable Hamiltonian system is not an easy task, but the existence of horseshoes forms conditions for the developing of chaotic behavior [19] . In this connection, in section 4, we show that for any value of the small parameter  the system CEP has a hyperbolic periodic trajectory, whose invariant manifolds intersect transversally. where ˆ is some small angle and we have selected the negative sign and eliminated it by interchanging the limits on the integral. It is well-known that the integral into (A.10) cannot be evaluated in terms of elementary functions. However, we could expand the integrand as a binomial series and integrate term by term [21, 22] . Alternatively, we can change the variables and convert the integral into the form of an elliptic integral [23] . Thus, according to [21] we have for (A.10)
